LINEAR ALGEBRA MID TERM EXAM

This exam is of 30 marks and is 3 hours long - from 10 am to 1pm. Please read all the questions

carefully. Please feel free to use whatever theorems you have learned in class after stating them clearly.

1. Let Vi be the vector space of polynomials over the real numbers of degree < N over R. Let a and b in R
and define a linear functional on Vi by \
Ae) = [ plt)at
Let D : Vi — Vi be the differentiation operator on V;.
e What is the matrix of D with respect to the usual basis of V7 (
e What is det(D) (2
e Is D invertible? (
(

e What is D*(\), where D* is the transpose.

2. Let o be a permutation of degree n, that is, an element of the symmetric group &,,. If A is an n X n matrix

with rows au, ..., ay, let 0(A) be the matrix with rows a1y, ..., Q).

e Show that 0(AB) = o(A)B. In particular o(A) = o(I)A.
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e Is 07 1(I) the inverse of o(I)? Justify your answer.
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e Is o(A) similar to A? Justify your answer.

3. Let Vi be the polynomials over C of degree < N. Let xg,x1,...,x, be in C. Consider the linear map
P:Vy —C"H!
¢(P) = (P(x0), - .., P(zn))
e Compute the matrix of ® with respect to the standard bases of Viy and C™*1. (3)
e Show that the elements 1, (x — xq), (z — zo)(x — 21),..., (& — zo)(x — 1) - - (x — 25,—1) form a basis
for V. (3)

e Compute the change of basis matrix and used that to compute the determinant of ®. (4)



